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In [7] the authors introduced the notion of ind-sheaf, and defined 
the six Grothendieck; operations in this framework. They defined sub- 
analytic sheaves and they obtained the formalism of the six Grothendieck 
operations by including subanalytic sheaves into the category of ind- 
sheaves. The aim of this paper is to give a direct construction of the six 
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Grothendieck operations in the framework of subanalytic sites avoiding 
the heavy theory of ind-sheaves. As an apphcation we show how to 
recover the subanalytic sheaves O* and of temperate and Whitney 
holomorphic functions respectively. 

Introduction 

Let X be a real analytic manifold and k a field. Kashiwara and Schapira in 
[7] defined and studied the category l{kx) of ind-sheaves on X. They defined 
the six Grothendieck operations in this framework. As a byproduct they also 
studied the category Ir_c(^x) = Iiid(Mod^_p(/cx)), where Mod^_^{kx) is the 
category of M-constructible sheaves on X with compact support, and showed 
the equivalence with the category Mod{kxsa) of sheaves on the subana- 
lytic site associated to X. Then they obtained the formalism of the six 
Grothendieck operations by including subanalytic sheaves into the category 
of ind-sheaves. 

Our aim in this paper is to give a direct, self-contained and elementary con- 
struction of the six Grothendieck operations on Mod{kxsa)j without using the 
more sophisticated and much more difficult theory of ind-sheaves. Indeed, 
contrarily to the category l{kx), the category Im_c(A;x) is a Grothendieck 
category. 

In more details, the contents of this paper are as follows. 

In Section [U we construct the operations in Mod{kxsa)- We start recalling 
the definitions of the functors and p\ of [7] and their properties. We 

recall the internal operations and the functors of direct and inverse image 
(which are well defined on any site) and we study their relations with p^, 
p~^ and p\. We also define the functor /n of proper direct image, where the 
notation /n follows from the fact that f\\op^ p^oft in general. We study its 
properties and the relations with the others operations. While the functors 
and are exact, the functors Hom^ and f\\ are left exact, and we 
introduce the subcategory of quasi-injective objects which is injective with 
respect to these functors. 

In Section [2] we consider the derived category of M.od{kxsa)- We start 
by considering the subcategory D^_^[kxsa) consisting of bounded complexes 
with M-constructible cohomology, and we prove the equivalence of derived 
categories D^_^{kx) — D^_^{kxsa)- Then we study the derived functors of 
Horn, and /n and we obtain the usual formulas (projection formula, base 
change formula, Kiinneth formula, etc.) in the framework of subanalytic 
sites. Using the Brown representability theorem we prove the existence of a 
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right adjoint to the functor Rf\\, denoted by f'. We calculate the functor f' 
by decomposing / as the composite of a closed embedding and a submersion. 

In Section [3] we give some examples of subanalytic sheaves. Let 71 be 
a sheaf of rings on X^a- We start recalling the definition of sheaves of TZ- 
modules. When the ring is p\T>Xj where Vx denotes the sheaf of finite order 
differential operators on a complex analytic manifold X, we show how to re- 
cover the sheaves of piPx-niodules and 0\ of temperate and Whitney 
holomorphic functions of ^ respectively. 

Acknowledgments. We would like to thank Prof. Pierre Schapira who 
encouraged us to develop a theory of subanalytic sheaves independent of 
that of ind-sheaves, and for his many useful remarks. 

1 Sheaves on subanalytic sites 

In the following X will be a real analytic manifold and k a field. References 
are made to [8j and [14| for an introduction to sheaves on Grothendieck 
topologies, to [5] for a complete exposition on classical sheaves and M- 
constructible sheaves and to [1] and [10] for the theory of subanalytic sets. 
The results of § 11. II have already been proved in [7J, for sake of completeness 
we repropose here the proofs. 

1.1 The subanalytic site. Notations and review 

We introduce the subanalytic site and we recall some results of [7] for sub- 
analytic sheaves. We use the notations of 0. 

Denote by Oi>g^{X) the category of subanalytic subsets of X. One en- 
dows Op^„(X) with the following topology: S C 0p5„(X) is a covering of 
U G 0\)gf^{X) if for any compact subset K oi X there exists a finite subset 
5*0 of S such that K n UveSo ^ = ^ ^ ^ ■ We will call Xga the subanalytic 
site, and for U G Op(Xsa) we denote by Ux^a the category Op{Xsa) H U 
with the topology induced by X^a- 

Remark 1.1.1 We use the notation Uxsa to stress the difference from Uga, 
the subanalytic site associated to U . For example, let X = and U = 
R2 \ {0}. Let K = {2; G M2, \x\ > i}. Then {K}neN G Cov(C/,a) but 
^ Cov([/x,J. 
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Let Mod{kx^a) denote the category of sheaves on Xga- Then Mod{kx^a) is 
a Grothendieck category, i.e. it admits a generator and small inductive limits, 
and small filtrant inductive limits are exact. In particular as a Grothendieck 
category, Mod^kx^^) has enough injective objects. 

Remark 1.1.2 Denote by Op^q(X) the category of relatively compact sub- 
analytic open subsets of X. One denotes by X^^ the category Op'g^{X) with 
the topology induced by Xga- The forgetful functor gives an equivalence of 
categories Mod{kxsa) ~^ Mod(A;xj„)- 

Proposition 1.1.3 Let {Fjjjg/ be a filtrant inductive system in Mod{kxsa) 
and letU GOp^iXsa)- Then 

limr(C/; Fi) ^ r{U; limF,). 

i i 

Proof. By Remark [1.1.21 it is enough to prove the assertion in the category 
Mod(/cxjJ- Denote by "lim"Fi the presheaf V ^ lunT{V;Fi) on X^^. Let 

i i 

U G Op'^{Xsa) and let 5 be a finite covering of U . Since lim commutes with 

i 

finite projective limits we obtain the isomorphism ("lim"Fj)(5) limFj(S') 

i i 

and Fi{U) — > Fi{S) since Fi G Mod(fcxj^) for each i. Moreover the family 
of finite coverings of U is cofinal in Co\{U). Hence "lim"Fj — > ("lim"Fj)+. 

i i 

Applying once again the functor {•)~^ we get 

"lim"Fi ~ ("lim"Fi)+ ~ ("lim"Fi)++ ~ limFi. 

i i i i 

Hence applying the functor T{U ; •) we obtain the isomorphism lim T(U; Fi) 
r(C/;limi^,) for each ?7 G Op^(X,a). ' □ 

i 

There is an easy way to construct sheaves on a subanalytic site 

Proposition 1.1.4 Let F be a presheaf on and assume that 
(i) F(0) = 0, 
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(ii) For any U,V e Op^iXsa) the sequence F{U HV) ^ F{U) ® F{V) 
F{UnV)is exact. 

Then F G Mod(A;xfJ ^ Mod(A;x,J. 

Proof. Let U G 0'gi^{Xsa) and let {Uj}^^^ be a finite covering of U . We 
have to show that the sequence 

^ F{U) ^ ®l<k<nF{Uk) (Bl<i<j<nF{Uij), 

where the second morphism sends (.Sfc)i<fc<n to {tij)i<i^j<n by tij = Si\uij ^ 
Sj\uij- We shall argue by induction on n. For n = 1 the result is trivial, and 
n = 2 is the hypothesis. Suppose that the assertion is true for j < n — 1 and 
set U' = Ui<fc<n ^k- By the induction hypothesis the following commutative 
diagram is exact 



^ F{U) FiU') U F{Un) ^ F{U' n C/„) 

®i<n nUi) © F{Un) e,<„ F{U,n) 

®i<j<nmj). 

Then the result follows. □ 

Let Mod]R_c(A:x) be the abelian category of M-constructible sheaves on X, 
and consider its subcategory Mod^_^{kx) consisting of sheaves whose sup- 
port is compact. 

We denote hy p : X ^ Xga the natural morphism of sites. We have 
functors 

(1.1) Mod|_,(A;x) C ModM.c(A;x) C Mod(A;x) Mod(A;x,J. 

p ^ 

We will still denote by p* the restriction of to ModK_c(fcx) and Mod^_^{kx)- 
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Remark 1.1.5 By Proposition \1.1.3\ for each F e Mod{kx) andV G OY>''{Xsa) 
one has 

T{V-p,F)c^\\mT{V-p,Fu)^T{V-\imp,Fu), 

u u 

where U ranges through the family of relatively compact open subanalytic 
subsets of X. This implies that Imi p^Fij p^F . 

U 

Remark 1.1.6 The functor p^ does not commute with filtrant inductive lim- 
its. For example consider the family {V^jngN of Remark We have 
p^, lim fcy„ ~ p^:k^2\^Qj, while for each U G Op^„(M^) with € dU we have 

n 

r(C/;lim/9,A:v'J - limr(C/; /9*A;yJ = 0. 

n n 

Proposition 1.1.7 Let U be an open subanalytic subset of X and consider 
the constant sheaf kjj^^^ € y[od{kxsa) ■ have kux^^ — P*^c/- 

Proof. Let F be the presheaf defined by F{V) = k{iV dU, F{V) = 
otherwise. This is a separated presheaf and kux^^ = F^~^ . Moreover there 
is an injective arrow FiV) ^ p*ki/{V) for each V € Op{Xsa)- Hence 
F~^^ ^ p^ku since the functor (•)"''"'' is exact. Let W G Op{Xsa) be con- 
nected. We have F{W) ~ p*ku{W) ~ k and then F++ ~ p^,ku since 
subanalytic open connected subsets of X form a basis for the topology of 



Proposition 1.1.8 One has p o — > id, in particular the functor p.^ is 
fully faithful. 

Proof. Let F G Mod(A;x)- Every x ^ X has a fundamental neighborhood 
system consisting of open subanalytic subsets. Hence we have the chain of 
isomorphisms 

(p"V*^)x ^ \mip'^p^F{U) ~ \\mp^F{U) ~ l_imF([/) ~ F^, 
x&u xgu xeu 

where U ranges through the family of open subanalytic neighborhoods of x. 

□ 
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Proposition 1.1.9 The restriction of to ModiR.c(A;x) is exact. 

Proof, (i) Let us consider an epimorphism G ^ F in Mod^_^{kx) , we iiave 
to prove that ip : p^G p^F is an epimorphism. Let U G Op^{Xsa) and let 
s e r{U;p,F) ~ Homfc^(%,F). Set G' = GxFku. Then G' G Mod|_,(A:x) 
and moreover G' ku- There exists a finite {Ui}i£i C Op'^{Xsa) with Ui 
connected for each i such that ©j^c/. G' . The composition ku^ G' ^ kjj 
is given by the multiphcation by Oj G k. Set Iq = {kjji', a* / 0}, we may 
assume = 1. We get a diagram 

eie/o^c/, ^ G' ^ G 

ku^^F. 

The composition kfj^ G' ^ G defines ti G Homfc^ (A;^/- , G) = T{Ui;p^G). 
Hence for each s G T{U;p^F) there exists a finite covering {Ui} of U and 

G T{Ui;p^G) such that V'(^j) = •sit/,- This means that "0 is surjective. 

(ii) Let F G ModK-c(fcx). By Remark [IT5] ~ lim p^Fu, where U 

u 

ranges through the family Op'^{X sa)- The result follows since p=K is exact on 
Mod^_f.(kx) and filtrant lim are exact. □ 




Notations 1.1.10 Since the functor p^, is fully faithful and exact on the cat- 
egory ModK_c(A;x), we can identify ModM_c(A;x) with its image in Mod{kxsa) ■ 
When there is no risk of confusion we will write F instead of p^F , for 
F G ModM.c(A;x)- 

The following theorem gives a fundamental characterization of subanalytic 
sheaves and it will be used systematically in the following Sections. 

Theorem 1.1.11 (i) Let G G Modj^_p(A;x) and let {Fi} he a filtrant induc- 
tive system in ls/iod{kxsa) ■ Then we have an isomorphism 

lini Homfcy^^^ {p^G,Fi) ^ Homfcy„Jp^G, liniF^). 

i i 

(a) Let F G Mod{kxsa)- There exists a small filtrant inductive system 
{Fi}i^j in Mod|_p(/cx) such that F ~ limp^^Fi. 
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Proof, (i) There exists an exact sequence Gi ^ Go ^ G — > with Gi, Go 
finite direct sums of constant sheaves ku with U € Op'^(Xsa). Since /O^, is 
exact on ModK_c(A:x) and commutes with finite sums, by Proposition 11.1.71 
we are reduced to prove the isomorphism limr(C/;Fj) T{U;\\mFi). Then 

^—^^ i i 

the result follows from Proposition 11.1. 31 
(ii) Let F € Mod(/cx,J, and define 

/o := {{U,s)-UeOv'{Xsa),seT{U;F)} 

Go '■= ®{u,s)eioP*ku 

The morphism p*ku F, where the section 1 G T{U;ku) is sent to s G 
T{U]F) defines un epimorphism (p : Gq ^ F. Replacing F by kerip we 
construct a sheaf Gi = (B(v,t)£iiP*kv and an epimorphism Gi kenp. 
Hance we get an exact sequence Gi ^ Go — F ^ 0. For Jo C Iq set for 
short Gjq = (B(^u,s)e,JoP*ku and define similarly Gj^. Set 

J = {(Ji, Jq); Jfc C Ik, Jk is finite and imip\Gj^ C Gj^}. 

The category J is filtrant and F ~ lim coker (Gj^ Gj^). □ 

{Ji,Jo)eJ 

Now we will introduce a left adjoint to the functor p^^. 

Proposition 1.1.12 Let F G Mod(/cx,J, and let U G Op(X). T/ien 

r([/;p"^F)~ lim r(F;F) 

yccc/,yGOp'=(x,a) 

Proof. By Theorem 1 1 . 1 . 1 1 1 we may assume F = limp^Fj, with Fj G Mod^_^{kx))- 

i 

Then ~ Wm p^"^ p^,Fi ~ limFj. We have the chain of isomorphisms 

i i 

T{U;p-^F) ~ lim T{V;p-^F) ~ lim r(F;limFi) 
vccu _ vccu i 

~ lim limr(y;Fi) ~ Ihn limr(y;Fi) 

Vccu i Vccu i 

~ lim \^{y\p^Fi) ~ lim r(y;F), 
Vccu i Vccu 

where V G Op^(Xsa). The third isomorphism follows since Y is compact 
and the last isomorphism follows from Proposition 11.1.31 □ 
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Proposition 1.1.13 The functor p admits a left adjoint, denoted by p\. 
It satisfies 

(i) for F € Mod(fcx) o-nd U € OY>{Xsa), P\F is the sheaf associated to the 
presheaf U i— > T{U ; F), 

(a) for U € Op{X) one has p\ku ~ lim ky ■ 

yccc/,VGOp=(x,a) 

Proof. Let F G Psh(A:x,J be the presheaf U ^ T(U;F), and let G G 
Mod{kxsa)- We will construct morphisms 

Hompsh(fc^^j(^^,G) ^=±Homfc^(F,p-iG) . 

To define C,let <f : F ^ G andU e Op(X). Then the morphism C{f){U) : 
F{U) p-^G(U) is defined as follows 

F{U) ~ lim F(y) lim ~ p'^GiJJ). 

vccc/,VGOp'={x^a) ycci/yGOp'=(x,<,) 

On the other hand^ let V : ^ ^ P^^G and ?7 G Op''(X^a)- Then the 
morphism : F{\J^ — > GiJJ) is defined as follows 

F{U) ~ lim Fiy) lim P~^G{V) G{U). 

uccveop^ix^a) uccVi^Op^iXsa) 

By construction one can check that the morphism ^ and are inverse to 
each others. Then (i) follows from the chain of isomorphisms 

Homfc^^^ G) ^ Homp,h(fc,^j(F, G) ^ Hom,^^^ (F, p-^G). 

To show (ii) , consider the following sequence of isomorphisms 

Homfc^^J/>!%,F) ~ Homfc^(%,p~^F) 

~ lim Homfc^^^(/cy,F) 

VCCU,V€Op'=(Xsa) 

- Homfc^^J lim kv,F), 

vccuyeOp'^iXsa) 

where the second isomorphism follows from Proposition 11.1.121 □ 
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Proposition 1.1.14 The functor pi is exact and commutes with lim and iX). 

Proof. It follows by adjunction that p\ is right exact and commutes with lim, 
so let us show that it is also left exact. With the notations of Proposition 
11.1.1:^1 let F e Mod(A;x), and let F € Psh(/cx,,l be the presheaf U ^ 
T(U;F). Then piF ~ F++, and the functors F ^ F and G ^ G++ are left 
exact. 

Let us show that p\ commutes with (81. Let F,G & Mod(/cx), the morphism 

F{U)(^G{U) ^ (FOG) (17) 

defines a morphism in Mod(A;Xsa ) 

p\F ^ piG ^ p\{F G) 

by Proposition 11.1.13) (i). Since p\ commutes with lim we may suppose that 
F = kjj and G = ky and the result follows from Proposition 11.1.13) (ii). □ 



Proposition 1.1.15 The functor p\ is fully faithful. In particular one has 
p^^ o PI ~ id. Moreover, for F G Mod(A;x) and G G Mod(A:Xsa) one has 

p'^nom{piF,G) ^ nom{F, p-^G). 
Proof. For F,G G Mod(A;x) we have by adjunction 

RomkAp~'plF,G) ~ Homfc^(F,p~V*G) ~ Homfe^(F,G). 
This also implies that p\ is fully faithful, in fact 

}iomkx^^ip\F,piG) ~ ilomkj,{F,p'^p]G) ~ Homfc_^(F,G). 

Now let K,F e Mod{kx) and G G Mod{kx,J, we have 

'iiomjs^{K, p'^Hom{piF,G)) ~ Romkx^^{p\K,Hom{p\F,G)) 

~ Rouik^^Jp^K (g) p,F,G) 

~ Romk^Jp,{K(^F),G) 

~ Bomk^ {K (g)F,p'^G) 

~ Romkj,{K,nom{F,p-^G)) 

and the result follows. □ 
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1.2 Operations on the subanalytic site. 

Let X, Y be two real analytic manifolds, and let / : X ^ y be a real analytic 
map. This defines a morphism of sites / : Xga Ysa- We have a diagram 

/ 

X — -^Y 



p 



p 



f 

Y - V 

^sa ^ sa' 

The following functors are always well defined on a site 

Horn : Mod(A;x.J°^ X Mod(fex.J ^ Mod(fcx.J, 
: Mod(A;XJ X Mod(fex.J - Mod(fex.J, 

Let us summarize their properties: 

• the functor Worn is left exact and commutes with 

• the functor (8> is exact and commutes with lim, and p\, 

• the functor /* is left exact and commutes with p* and lim , 

• the functor /^^ is exact and commutes witli lim, (g) and p^^ , 

• {f~^if*) is a pair of adjoint functors. 

Let Z be a subanalytic locally closed subset of X. As in classical sheaf 
theory we define 

F ^ Hom{p^kz,F) 
{■)z:Mod{kxJ ^ Mod(fcx.J 
F ^ F^p^kz- 

We have 

• the functor Fz is left exact and commutes with and lim , 

• the functor {■)z is exact and commutes with lim, (8) and p~^, 

• {{')z,^z) is a pair of adjoint functors. 
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1.3 M-constructible sheaves on subanalytic sites 

Let us consider the category ModK_c(/cx)- 

Proposition 1.3.1 Let F,G G Modi;_c(/cx)- Then p^{F®G) ~ p*F®p^G. 

Proof. We may reduce to the case F = kjj, G = ky with U,V ^ Opg^(X). 
In this case p^ku^v — p*ku ® p*kv by Proposition 11.1.71 □ 



Corollary 1.3.2 Let F G Mod]R_c(A;x), and let Z he a subanalytic locally 
closed subset of X. Then p^Fz ~ {p^F)z- 

Let X, Y be two real analytic manifolds, and let / : X ^ y be a real 
analytic map. 

Proposition 1.3.3 Let f : X ^ Y be a real analytic map. Let G G 
ModK.c(A;y). Then pJ-^G^ f-^p^G. 

Proof. Since the functor is exact, we may reduce to the case G = ky, 
with V G Opsa(y)- In this case we have p*f~^ky ~ P*kf-'i(y) ~ f~^P*ky^ 
where the last isomorphism follows from Proposition 11.1.71 □ 



We apply the above results to calculate the functor Tiom in the category 
Mod(A:x.J. 

Proposition 1.3.4 Let F = limFj, with Fi G Mod{kxsa) G = 

i 

lini p^.G,- with Gj G ModiR.c(A;x)- One has 

3 

TCom{G, F) ^ limlim H oni{p^G j, Fj). 

j i 

Proof. For each U G Op'^{Xsa) one has the isomorphisms 

T{U,nom{G,F)) ~ Uomk^JGu,F) 

~ limlini Honifcy^^ (p^G ju, Fj) 
j i 

~ limlirri r([/ ; 7iom{p^Gj, Fj)) 

3 i 

~ T{U;\mi\imnom{p^Gj,Fi)). 

3 i 

12 



In the second isomorphism we used Corollary ll.3.2l and the last isomorphism 
follows from Proposition 1 1 . 1 .31 and because T{U; •) commutes with lim. □ 



Corollary 1.3.5 Let F = lim p^Fj, G = limp^Gj with Fi, Gj € ModR-cikx) ■ 

i j 

One has 

Hom{G, F) ~ limlim/9,, 7^ om ( Gj, Fj). 

j i 

Proof. It follows from the fact that Horn commutes with and from 
Proposition 11.3.41 □ 



Corollary 1.3.6 Let F = lim p^Fj, with Fi G Mod|.j,(X) be a sheaf on X^a- 

i 

Let Z he a subanalytic locally closed subset of X. Then TzF ~ limp^^r^Fj. 

i 

1.4 Proper direct image on Mod{kxsa) 

In [7] the authors defined the functor f\\ of proper direct image using ind- 
sheaves. Here we give a direct construction: 

fn:Mod{kxJ ^ Mod(fcnJ 

F ^ lim/* Ft/ ~ Ihnf^TKF 

U K 

where U ranges trough the family of relatively compact open subanalytic 
subsets of X and K ranges trough the family of subanalytic compact subsets 
of X. One shall be aware that lim is taken in the category Mod(A;y^^). Let 
V G Op^Ysa). Then T{V; fuF) ^lunTif-^V); Fu) ~ lunr{f-\V); TkF), 

U K 

where U ranges trough the family of relatively compact open subanalytic 
subsets of X and K ranges trough the family of subanalytic compact subsets 
of X. If f is proper on supp(F) then /* ~ /n and in this case f\\op^ ~ p*of\. 

Remark 1.4.1 Remark that f\\ op* ^ o /i in general. Indeed let V G 
Ovlaiy), then 

^{y;f\\P*F) = liniHomfcy (y) , TrF) , 
K 

^{V;p*f\F) = liniHomfcy {k /-i (v) , TzF) , 
z 
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where Z ranges trough the family of closed subsets of f ^{V) such that f\z '■ 
Z ^ V is proper. Then 

r(^; f\\P*F) = {se r{f-^(y);Fy, supp(s) is compact in X}, 
r{V- p.fxF) = {s G V{f-\V)-F)- f : supp(s) ^ V is proper}. 

For example, let f : M.'^ ^ U. be the projection on the first coordinate, and 
let V = {a,b) € Op^„(M). Suppose that supp(s) = {{x,y) G (a, 6) x R, y = 
(x-a)(b-x) y ■ ^^sn / : supp(s) —y V is proper but supp(s) is not compact. 

Proposition 1.4.2 The functor f\\ commutes with filtrant lim. Moreover 
° f\\ - f\° P~^- 

Proof. Let us show that f\\ commutes with filtrant lim. Let V G Opg^{Y) 
and let {Fi}i be a filtrant inductive system in Mod{kxsa)- Tiien 

limHomfc^^^(A;/-i(y),r/<:limFj) ~ limHomjfc^^JA;/-i(y)ni<r, HmFj) 

K i K i 

~ limHomfc^^^(/c;-i(v/)ni<-,-Fi) 
i,K 

~ limHomjfc^^JA;/-i(y),r;^Fj) 

i,K 

~ limRouikY^ JkvJv.Fi) 

i 

~ Homfcy^JA;y,lim/!!Fi), 

i 

where the second isomorphism follows from the fact that kf-i{y^^x ^ Mod^-c(^ 

Let us show o /n ~ /i o . Let F = limp^Fj. Since f\\ commutes 

i 

with lim and Fi has compact support for each i we have f\\F = limp^/iFj. 

i 

We have the chain of isomorphisms 

f\p~ Him p^Fi ~ f\ \im p'^p^Fi ~ /diniF^ ~ Uni /iFj 
i i i i 

~ \imp~^p*f\Fi ~ p'Himp^fiFj. 

i i 

□ 
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Proposition 1.4.3 The functor f.^ commutes with p ^. 

Proof. Let F S Mod(/cXsa)- Then f<t:F ~ lim/^Fft-, where K ranges through 

K 

the family of subanalytic compact subsets of X. We have the chain of iso- 
morphisms 

f,p-^F ~ lim/,(p-iF)^ ~ lunfu{p-^F)K ^ Imifnp-^FK 
K K K 

~ limp' Vi Fx ~ p'^ lim /jFx ^ p~^lim/^Fj^ ~ p~^ f*F, 
K K K 

where the second and the sixth isomorphism follow from the fact that / is 
proper on a compact subset of X. □ 



Corollary 1.4.4 The functor f ^ commutes with p\. 

Proof. It follows immediately by adjunction. □ 

Proposition 1.4.5 Let F G Mod(/cx,J and G G Mod(A:y^J. Then 

fuF^Gc^ f»{F®f-^G). 
Proof. Let F = lim/9*Fj, G = limp^,Gj. The functors (g), f\\ and f~^ 

i j 

commute with lim. Moreover supp(Fj (S) f~^Gj) is compact for each i,j, 

i 

hence / is proper on it. Then 

f\ ! lim/5* Fi (g) lunp^ Gj ~ lim/o^, {f\Fi (g) Gj ) 

i j i,j 

~ lmip,{f,{F,(g,f'^Gj)) 

id 

~ f\\{limp^Fi <g f^Himp^Gj). 

i i 

In the first isomorphism we used Proposition 11.3.11 and in the last one we 
used Propositions 11.3.11 and 11.3.31 □ 
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Now let us consider a cartesian square 

X' ^' ? Y' 

■^sa ^ sa 

a' 9 

f ' 

Proposition 1.4.6 Let F G Mod(/cx,J- Then g'^ fwF ~ fW'^F. 
Proof. Let F = limp^Fj. All the functors in the above formula commute 

i 

with lim. Moreover since supp(Fj) is compact, /' is proper on supp{g'~^Fi) 

i 

for each i. Then 

g'^fulimp^Fj ~ limp^g^ViF^ ~ limp^flg'^^Fj ~ fl^g'^himp^Fj, 

ill i 

where the first and the last isomorphisms follow from Proposition 11.3.31 □ 



Proposition 1.4.7 Let G £ ModR.c(/cy) and let F £ Mod{kxsa)- Then the 
natural morphism 

funom{r^G,F) nom{G,fnF) 

is an isomorphism. 

Proof. Let us construct the morphism. By adjunction we have 

r^G^nom{G-^,F) F, 
hence, using the projection formula we get 

G® f\inom{G'^,F) ~ fuXf-^G®nom{G'\F)) f^F, 
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then by adjunction we obtain the desired morphism. Let us show that it is 
an isomorphism. We have the chain of isomorphisms 

hnom{f-^G,F) ~ limf^TKnom{f-^G,F) 

K 

~ \\mfMom{f-^G,VKF) 

K 

~ lim7iom(G, Ar^^F) 

K 

~ nom{G,\imfj:KF) 

K 

~ nom{G,fuF), 

where the fourth isomorphism foUows from Proposition ll.3.4[ □ 



1.5 Quasi-injective objects 

Let us introduce a category which is useful in order to find acychc objects 
with respect to the functors defined in the previous sections. 

Definition 1.5.1 An object F G Mod{kxsa) quasi-injective if the functor 
Homfc^^^(-,F) is exact in Mod^_^{kx) or, equivalently (see Theorem 8.7.2 
of ]Ei) if for each U,V €z Op'^{Xsa) with V C U the restriction morphism 
T{U;F) — > T(y;F) is surjective. 

It follows from the definition that injective sheaves belong to J^Xsa- This 
implies that J^x^a is cogenerating. Moreover the category J'xsa is stable by 
filtrant lim and Y\. 

Proposition 1.5.2 Let ^ F' ^ F ^ F" ^ be an exact sequence in 
Mod{kxsa) ^f^'^ assume that F' is quasi-injective. Let U € Op^(Xsa). Then 
the sequence 

^ r{U;F') r{U;F) T{U;F") 

is exact. 

Proof. Let s" G r{U;F"), and let be a finite covering of U such 

that there exists Si G T{Vi;F) whose image is s"\v^. For n > 2 on Vi n V2 
si — S2 defines a section of T{Vi n V2;F') which extends to s' € T{X;F'). 
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Replace si with si — s' . We may suppose that si = S2 on Vi fl V2. Then 
there exists t G T{Vi U V2) such that t\vi = Si, i = 1,2. Thus the induction 
proceeds. □ 



Proposition 1.5.3 Let F',F,F" £ Mod{kx^a), and consider the exact se- 
quence 

^ F' ^ F ^ F" 0. 
Suppose that F',F e Jx^a- Then F" G 

Proof. Let U,V € Op''{Xsa) with V C U and let us consider the diagram 
below 

T{U;F) ^r(;7;F") 



■T{V;F") 



TiV;F)- 

The morphism a is surjective since F is quasi-injective and /3 is surjective 
by Proposition ll.5.2[ Then 7 is surjective. □ 



Theorem 1.5.4 The family of quasi-injective sheaves is injective with re- 
spect to the functor Homfc-^^^(G, •) for each G G Mod]K.c(/i:x)- 

Proof, (i) Let ^ F' ^ F ^ F" ^ be an exact sequence in M.od{kxsa ) 
and assume that F',F,F" G Jx^a- Let G G Mod^_^{kx)- We have to show 
that the sequence 

^ Hom,,^^ (G, F') ^ Homfe^^^ (G, F) ^ Homfc^^^ (G, F") ^ 

is exact. G has a resolution 

^ e^ehku,^ ^ . . . ^ ei„g/„%,„ ^G^O. 

Where Ij is finite and Ui- G Ops^C-'^) for each G /j, j G {1, . . . , n}. Let us 
argue by induction on the length n of the resolution. 

(a) If n = 1, then G is isomorphic to a finite sum (Biku., with Ui G 
Op^„(X), and the result follows from Proposition ll.5.2[ 

(b) Let us show n — l^n. The sequence — > ker ip ®i„einkui„ —^G-^ 
is exact. The sheaf ker ip belongs to Mod^_^{kx) and it has a resolution of 
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length n — 1. We set for short Gi = kerip and G2 = (BinGi„kut„- We get the 
following diagram where the columns are exact 



. Homfe^^^ (G, F') . Homfc^^^ (G, F) . Hom^^^,^ (G, F") . 

. Homfe^^^ (G2, F') . Homfc^^^ (G2, F) . Homfc^^^ (G2, F") 

" " " 
. Hom^^^^ (Gi, F') . Homfc^^^ (Gi, F) . Hom^^^^ (Gi, F") . 



The second row is exact by (i) and the third one is exact by the induction 
hypothesis. Hence the top row is exact. 

(ii) Let G G ModM_c(/cx), let ^ F' ^ F ^ F" ^ be an exact 
sequence in Mod{kxsa) with F' S Jxsa- Let {Vn}neN G Cov{Xsa) such that 
Vn CC Vn+i- By (i), all the sequences 

^ Homfc^^^ (Gv„ , F') - Homfc^^^ (Gy„ , F) ^ Homfc^^^ (Gy„ , F") - 

are exact. Moreover since F' G J^Xsa the morphism Homfc^ (Gv^^+i, F') 
Homfc-^^^ {Gv„, F') is surjective for all n. Then by the Mittag-Leffler property 
(see Proposition 1.12.3 of [5]) the sequence 

^ limHomfc^^^ (Gv„ , F') ^ limHomfc^^^ (Gy„ , F) ^ limHomfc^^^ [Gy^ , F") ^ 

n n n 

is exact. Since lim Homfcy^^ {Gy„ , •) ~ Homjfcj^^^(G, •) the result follows. □ 

n 

Proposition 1.5.5 Let G G ModM_c(/cx)- Then quasi-injective sheaves are 
injective with respect to the functor 7iom{G, •). 

Proof. Let G G ModK_c(A;x)- It is enough to check that for each U G 
Op{Xsa) and each exact sequence — > F' — > F ^ F" ^ with F' G J^Xsa^ 
the sequence 

^ r{U;nom{G,F')) T{U;rLom{G,F)) T{U;rLom{G,F")) 
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is exact. We have T{U^'Hom{G, ■)) ~ Horrifc^^^ •), and quasi-injective 
objects are injective with respect to the functor Homfc^^^^ (G;/, •) for each 
G G ModK_c(/cx), and for each U G 0^{Xsa)- □ 



Corollary 1.5.6 Quasi-injective sheaves are injective with respect to the 
functor Tz for each locally closed subanalytic subset Z of X. 

Corollary 1.5.7 Let F E Mod(A:Xsa) quasi-injective. Then the functor 
Hom{-,F) is exact on Mod^.c{kx)- 

Proof. Let F G Mod{kx^^) be quasi-injective. There is an isomorphism of 
functors r(f7; 7^om(-, F)) ~ Romk^^J{-)u, F) for each U G Op{Xsa). The 
functor Homfc_y^^ ((•)(/, F) is exact on ModR_c(A;j!s:) and the result follows. □ 



Proposition 1.5.8 Let F G Mod{kxsa)- Then F is quasi-injective if and 
only if'Hom(G,F) is quasi-injective for each G G Modi8_c(fex)- 

Proof, (i) Let F be quasi-injective, and let G G ModiR_c(fex)- We have 
Homfc^^J-,7^om(G,F)) ~ Homfc^^J- and Homfc^^J- ® G,F) is 

exact on Mod^_^{kx)- 

(ii) Suppose that Hom{G, F) is quasi-injective for each G G ModiR_c(/cx)- 
The result follows by setting G = kx- □ 



Corollary 1.5.9 The functorV z send quasi-injective objects to quasi-injective 
objects for each locally closed subanalytic subset Z of X . 

Let / : X ^ y be a morphism of real analytic manifolds. 

Proposition 1.5.10 Quasi-injective sheaves are injective with respect to the 
functor f^. The functor /* sends quasi-injective objects to quasi-injective 
objects. 

Proof, (i) Let us consider V G Op{Ysa)- There is an isomorphism of functors 
r(y; /*(•)) ~ r{f~\V);-). it follows from Proposition [TEl that Jx,, is 
injective with respect to the functor T{f~^{V); •) ~ Hom^^^^ (A;j-i(y), •) for 
any V G Op(y,a)- 
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(ii) Let F € Jx^a- For each G G Mod||_c(/cY) we have Rouiky^^ {G, f^F) ~ 
Honifc^^^ {f~^G, F). Since is exact and sends Mod|_p(/cy) to Mod]^_c(kx) , 
Proposition 11.5.4] impHes that the functor Honifc-^ is exact on 

Mod|_,(/cy). □ 



Proposition 1.5.11 T/je family of quasi-injective sheaves is fn-injective. 
The functor f\\ sends quasi-injective objects to quasi-injective objects. 

(i) Let ^ F' ^ F — 5- F" ^ be an exact sequence in Mod(A;Xs„) and 
assume that F' £ Jx^a- We have to check that the sequence f\\F' 
fuF fnF" ^ is exact. Since F' G Jx,„ we have TkF' G Jx,,. 
Moreover J'xsa is injective with respect to Tk and This imphes that the 
sequence 

^ f.TKF' ^ f^TKF ^ f.TKF" ^ 
is exact. Applying the exact functor lim we find that the sequence 

K 

^ hmf^TKF' Ihnf^TKF ^ lim/.r^^F" ^ 

K K K 

is exact. 

(ii) Let be a compact subanalytic subset of X. The functors Tk and /=„ 
send quasi-injective objects to quasi-injective objects, then f^T^F G J^y^a- 
Since Jy^a is stable by filtrant lim, the result follows. □ 



Let 5 be a closed subanalytic subset of X and let is ■ S ^ X be the 
closed embedding. Let F = limp^Fj G Mod{kx^a) with Fi G Mod^_^{kx)- 

i 

We have Fs ~ limp^,Fj5 ~ limpJsJs^-^i ~ 'isJs^F'- 

i i 

Lemma 1.5.12 Let S be a closed subanalytic subset of X and let U G 
Op%Xsa). Let F G Mod(fcx,J. Thenr{U;Fs) ~ lim r{V;F), with 

VDSnu 

VeOp^Xsa). 
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Proof. Let F £ Mod(/cx,J. Then F ~ lunp^Fi with Fi G Mod|_c(/cx). We 

i 

have the chain of isomorphisms 

r{U;Fs) ~ l\mr{U;Fis) 

i 

r hm TiV;Fi) 

i,VDSnu 
~ lim r{V;F), 

VDSnu 

where V ranges through the family of relatively compact open subanalytic 
subsets of X containing S nU. The second isomorphism follows since the Fj 
is M-constructible for each i. □ 



Proposition 1.5.13 Let S be a dosed subanalytic subset of X and let F € 

M.od{kxsa) ^6 quasi-injective. Then Fg is quasi-injective. 

Proof. Let U,V £ Op^{Xsa) with V C U. Since F is quasi-injective and in- 
ductive limits are right exact, the morphism lim r(C/';F)— lim T{V';F) 

u'DSnu v'DSnv 

with V, U' G Op^(Xs(j), is surjective. Hence by Lemma [L5]T2] the morphism 

T{U]Fs) — > Tiy-^Fs) is surjective and the result follows. □ 



Recall that F G M.od{kx) is c-soft if the natural morphism T{X;F) 
r{K,F) is surjective for each compact K C X. If F is c-soft and Z is a 
locally closed subset of X, then Fz is c-soft. Moreover c-soft sheaves are 
T{U; •)-injective for each U £ Op(X). 

Proposition 1.5.14 Let F G Mod(/cXsa) quasi-injective. then p~^F is 
c-soft. 

Proof. Let K be a compact subset of X. Recall that if C/ G Op(X) then 
T{U;p-^F) ~ lim T{V;F), where V G Op(Xsa). We have the chain of 



22 



isomorphisms 



u 

~ lim lim r{V;F) 

u vccu 
~ limr(C/; F) 

u 

where U ranges through the family of subanalytic relatively compact open 
subsets of X containing K and V G Op{Xsa)- 

Since F is quasi-injective and filtrant inductive limits are exact, the mor- 
phism r{X; p'^F) ~ T{X- F) limr([/; F) ~ T{K] p'^F), where U ranges 

u 

through the family of subanalytic open subsets of X containing K, is sur- 
jective. □ 



Let us consider the following subcategory of Mod{kxsa)- 

'Pxsa ■■= {G G Mod{kxJ; G is Homfc^^^ (•, F)-acydic for each F € Jx^^. 

This category is generating, in fact if {Gj}j is a filtrant inductive system of 
R-constructible sheaves 0jp^,Gj G Vxsa by Corollary 11.5.41 Moreover Vxsa 
is stable by - ^K, where K G ModK_c(/cx)- In fact if G G Vxsa and F G J^Xsa 
we have 

Homfc^^^ {G ^K,F)c^ Hom^^^^ (G, nom{K, F)) 
and Ti.om{K, F) G J^Xsa by Proposition ll.5.8[ 

Theorem 1.5.15 The category V^^^ x <Jxsa ^■s injective with respect to the 
functor Homfc^^^(-, •). 

Proof, (i) Let G G Vxsa and consider an exact sequence ^ F' ^ F ^ 
F" — > with F' G Jxaa ■ We have to prove that the sequence 

^ Hom,.,^^ (G, F') ^ Homfc^^^ (G, F) ^ Hom^^^^ (G, F") ^ 

is exact. Since the functor Homfc_y (G, •) is acyclic on quasi-injective sheaves 
we obtain the result. 

(ii) Let F G Jxsa^ and let — > G' ^ G ^ G" — > be an exact sequence 
on Vxsa- Since the objects olVx^a are Homfc^^^ (•, F)-acyclic the sequence 

- Hom,,^^ (G", F) ^ Hom,^^^ (G, F) ^ Homfe^^^ (G', F) ^ 
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is exact. 



□ 



Corollary 1.5.16 The category x <Jxsa ^■^ injective with respect to the 
functor Ti,om(-, •). 

Proof. Let us show that x J^x^a injective with respect to the functor 
nom{-,-). Let G G Vx.a, and let ^ F' ^ F ^ F" ^ be an exact 
sequence with F',F,F" e Jx^a- We shall show that for each U G Op{Xsa) 
the sequence 

^ r{U;nom{G,F")) V{U-Hom{G,F)) V{U-Hom{G,F')) 

is exact. This is equivalent to show that for each U G Op(Xsa) the sequence 

^ Honifc^^^ {Gu,F") ^ Honifc^^^ {Gu, F) ^ Honife^^^ {Gu, F') ^ 

is exact. This follows since Gu G Vxaa- The proof of the exactness in 

is similar. □ 



1.6 The functor p\ 

We have seen that the functor : Mod(A;Xsa) ~^ Mod(A;x) has a left adjoint 
p\ : Mod(A;x) — ^ Mod(A;Xs„). The functor p\ is fully faithful and exact. In 
particular, for U G Op(X) one has p\kif ~ lim p*kv, where V G Opgg^{X). 

VCCU 

Proposition 1.6.1 Let S be a closed subset of X. Then p\ks — lim p*k-^, 

WZ)S 

where W G 0p5„(X). 

Proof, (i) Let U = X\S. Since p\ is exact we have an exact sequence 

— » p\ku — > p\kx P\ks 0. 

On the other hand, let V G Op^^(X) and V Cld U . We have an exact 
sequence Q ^ ky ^ kx ^ kx\v ~^ 0- Since is exact on Mod]K_c(A;x) the 
sequence ^ p^fey — > p*fcx P*kx\v ^ is exact. Applying the exact 
lim we obtain an exact sequence 

VCCU 

Yvni p^^kv — p*kx — >■ lim p*kx\v ^ 0- 

VCCU VCCU 
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We have lim p^ky — p\ku and p^^kx — p\kx- Hence p\ks — lim p*kx\v- 

vccu vccu 
(ii) We shall show that for each U' € Op^„(X) the natural morphism 

(1.2) lim T{U'; kx\v) ^ Hm r(C/'; %) 

Vccu wds 

is an isomorphism. We shall see that for each W G Opg„(X) with W D S 
there exists W € Op^(X) such that X \ CC J7 and WrU^ = TFTp 
Set W = WU {X\TP). Since U' is relatively compact, X \ CC ?7, and 
W nU' = W' nU' by construction. Then 

hm T{U'; kx\v) ^ 1™ r{U'; %) ~ lim r{U'; %). 
vcct/ {X\W)CCU wds 

□ 



Notations 1.6.2 Let Z = U P\ S , where U G Op(X) anc? /ei S he a closed 
subset of X. Let F G M.od{kxsa)- We set for short zF = F ® p\kz 

Lemma 1.6.3 Let F G Mod{kx,a)- -^ei U G Op(X) anc? /ei 5 6e a closed 
subset of X. 

(i) One has uF ~ lim ~ lim TyF , V G Op^„(X). 

Fccc/ vccu 

(ii) One has gF ~ lim ~ lim TwF, W G Op^„(X). 

Proof, (i) The first isomorphism is obvious. Let us show the second iso- 
morphism. We have the chain of isomorphisms 

lim Fy ^ lim {TyTF)v —>■ lim TyrF, 
Vccu vyccu v'ccu 

where V, V' range through the family of subanalytic open subsets of X. 
The proof of (ii) is similar. □ 



Proposition 1.6.4 Let Z be a locally closed subset ofX. LetG G ModK_c(A;x) 
and F G Mod(A;x,J- Then z'Hom{G,F) ~ Hom{G,zF). 
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Proof, (i) Let U G Op{X). For each U' G Op''{Xsa) we have the chain of 
isomorphisms 

r{U';unom{G,F)) ~ Rouikj^^Jku', lim r^Hom(G,F)) 

vccu 

~ lim Rom.kx^^{ku',Tynom{G,F)) 
Vccu 

~ lim Homfc-^^^(/c^,^y,Wom(G,F)) 
Vccu 

- lim Homfc^^^ F) 
vcct/ 

~ hm RoiRk^ JGu',ryF) 

Vccu 

~ lim Rouikx^^iku', 1^0771(0, TyF)) 
Vccu 

- Homfc^^J/cf//, lim nom{G,TyF)) 

Vccu 

- Homfc^^J/cc/',7^om(G, lim TyF)) 

Vccu 

~ r(C/',?^om(G,t;F)), 

where V G Op^a(X). 

(ii) If S is a closed subset of X the proof is similar. □ 

Proposition 1.6.5 Let F G Mod(fexsa) be quasi-injective. Then p\K F 
is quasi-injective for each K G Mod(A;x)- 

Proof, (i) Let us show the result when K = A;^, for a locally closed subset 
Z of X. Let G G Mod|_^(A;x). We have 

Rouik^JG,zF) ~ T{X-nom{G,zF)) 

~ T{X-zHom{G,F)) 

~ T{X-p-^znom{G,F)) 

~ r(X;(p-i?^om(G,F))z). 

Since F is quasi-injective, TCom{G, F) is quasi-injective. Then by Propo- 
sition [LSTTH the sheaf {p~^TLom{G, F))z is c-soft and it is injective with 
respect to the functor r(X, •). Hence the functor T{X; p^^?iom{-, F)z) is 
exact on Mod^_^{kx)- 
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(ii) Let K £ Mod{kx)- There exists an epimorphism (Bi<=iku^ K with 

Ui € Op^„(X) for each i. Let Kj be the image of (Bii^jkfj., with J <Z I finite. 

We have K ~ limi^j, hence p\K \im p\Kj since p\ commutes with lim. It 

J J 
is enough to prove the result for Kj. We argue by induction on the cardinal 

of J. Set K = Kj. If I J| = 1 then K c:^ kz with Z locally closed subset of 

X and the result follows from (i). 

Let us show n — 1 =^ n. There is an epimorphism ©"^^fc;/- K. Let 

Ki be the image of ku^^ — > K and let K2 = K/Ki. We have a commutative 

diagram 

ku^ ®F=i^c/. ©r=2%. 



^ Ki K ^ K2 *- 0, 

where the vertical arrows are surjective, and the rows are exact. By the exact- 
ness of p\ and ® we obtain the exact sequence ^ ^ p\Ki ® F ^ p\K ® F ^ 
p\K2 <8) -F — > is exact. By the inductive hypothesis p\Ki® F and p\K2 ® F 
are quasi-injective, then p\K F Is quasi-injective. □ 



Proposition 1.6.6 Let F G Mod(fcx,J; G e ModR.c(fcx) and let K G 
Mod(A:x). One has the isomorphism Hom{G, F)<^p\K ~ Hom{G, F®p\K). 

Proof. Both sides are left exact with respect to F . Hence we may as- 
sume that F is quasi-injective. Since quasi-injective sheaves are 7iom{G, •)- 
injective, both sides are exact with respect to K . Moreover as a consequence 
of Proposition II .3.41 both sides commute with filtrant lim with respect to K. 
We may reduce to the case K = kjj, with U G Op5„(X). Then the result 
follows from Proposition 11.6.41 □ 



2 Derived category 

As usual, we denote D{kxsa) the derived category of yiod{kxsa) its full 
subcategory consisting of bounded (resp. bounded below, resp. bounded 
above) complexes is denoted by D^{kxsa) (resp. D~^{kx^^), resp. D~ {kxsa))- 
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2.1 The category D'^JkxJ 

As usual we denote by D^_^{kxsa) (I'esp. D^_^[kxsa)) the full subcategory 
of D^{kx) (resp. D^{kxsa)) consisting of objects with M-constructible coho- 
mology. 

Recall that p : X — > Xga is the natural morphism of sites. It induces the 
functor : Mod(A:x) ^ Mod(/cx,J. 

Lemma 2.1.1 Let F e ModK.c(A;x)- Then R> p^F = for each j / 0. 

Proof. The sheaf W p^F is the sheaf associated to the presheaf V 
R^r{V;F). We have to show that R^r{V;F) = for j 7^ on a family of 
generators of the topology of Xga- This means that for each V G Op'^{Xsa) 
and for each j / 0, there exists / finite and {Vi}i^[ € Cov{Vsa) such that 
R^r{Vi;Rp,F) ~ R^r{Vi;F) = 0. 

We use the notation of [5]. There exists a locally finite stratification 
of X consisting of subanalytic subsets such that for all j & 1, and 
all i G / the sheaf F\xi is locally constant. By the triangulation theorem 
there exist a simplicial complex {S, A) and a subanalytic homeomorphism i/j : 
|5| ^ X compatible with the stratification and such that F is a finite union 
of the images by ^p of open subsets V{a) of where V{a) = UreA tdo- \'^\- 
By Proposition 8.1.4 of |5] we have R^T{ip{V{a)); F) = for each a and for 
each j / 0. The result follows because V = \J^Qa-\)cV '^i^i'^))- ^ 



Since M-constructible sheaves are injective with respect to the functor p^, 
the following diagram of derived categories is quasi-commutative. 



(2-1) Dlcikx) ^ - Dl^ikxJ 




D\ModK.c{kx)) 

Theorem 2.1.2 One has the equivalence of categories 

Dl,{kx) ^ D'iModuAkx)) ^ Dlcikx J. 

Proof. By devissage, to prove the equivalence between L'*(Mod]R_c(/cx)) 
and D^_^{kxsa) it is enough to check that the functor p=K in (12. Ij) is fully 
faithful. We have p~^ o p^, ~ id and the result follows. 
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The equivalence between D^{ModM.-c{kx)) and D^_^{kx) was shown by 
Kashiwara in [4j. □ 



2.2 Operations in the derived category 

Let us study the operations in the derived category of Mod{kxsa)- Let 
/ : X — 5- y be an analytic map. Since Mod{kxsa) has enough injectives, 
then the derived functors 



are well defined. 

Proposition 2.2.1 Let f : X ^ Y be an analytic map. Then 

(i) The functors Rf^ and RTiom commute with Rp^. 
(ii) The functors Rf^ and Rf\\ commute with p~^. 

(Hi) We have R{g o f)^ ~ Rg^ o Rf^ and R{g o /)n ~ Rgu o Rf\\. 

(iv) The functor R^ f\\ : Mod(A;Xa„) Mod(fcy^^) commutes with small 
filtrant inductive limits for each k £ Z. 

(v) If F G D^{kxsa) 0.'^'^ f 'i-s proper on supp(F), then Rf\\ ~ Rf*. 

Proof, (i) The functor p,, sends injective sheaves to injective sheaves, then 
i?/* and RTLom commute with 

(ii) Since has a left adjoint it sends injective sheaves to injective 
sheaves. Then Rf^ and Rf\\ commute with 

(iii) The functor /* (resp. /n) sends injective sheaves to injective (resp. 
quasi-injective) sheaves. Then R{g o /)^ ~ Rg^ o Rf^ and R{g o f)\\ ~ 
Rgw o Rf\\. 

(iv) Quasi-injective objects of Mod(/cXsa) ^I's stable by filtrant lim, and the 
functor fw commutes with such limits. Then R^ f\\ commutes with filtrant 
lim for each k G Z. 

(v) We can find a representative F' of F in K^{J'x^a) with / proper on 
supp(F'). Then the result follows from the non derived case. □ 



RTiom 



Rf* 
Rfn 



D-ikxJ'^^D+ikxJ^D+ikxJ 

D+{kxJ^D+ikyJ, 

D+ikxJ^D+ikYj, 
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Proposition 2.2.2 Let F = limFj with Fi £ Mod{kx,J and let G G 

i 

Di.ci^x). One has R^nom{G,F) ~ \\mR''7iom{G,Fi) for each keZ. 

i 

Proof. There exists (see [8], Corollary 9.6.7) an inductive system of injective 
resolutions I' of Fi. Tlien liml* is a complex of quasi-injective objects quasi- 

i 

isomorphic to F. Each object of (ModiR_c(A;x)°^, Jx^a) is 7Yom(-, •)-acyclic. 
Proposition 11.3.41 implies the isomorphism 

nom{G,lunI') ~ limWom(G,/*) 

i i 

and the result follows. □ 



Proposition 2.2.3 Let F G D+{kx,J, G G D^_^{kx) andletK G D+{kx). 
One has the isomorphism RTLom{G, F) p\K RT[om{G, F (g) p\K) . 

Proof. Let /* be a quasi-injective resolution of F. By Proposition 11.6.51 
we have that /* ig) p\K is a complex of quasi-injective objects. Each object 
of (Mod]R_c(A;x)°''^, Jxsa) 'Hom{-, •)-acyclic. Hence we are reduced to prove 
the isomorphism TCom{G, I')^ p\K ~ 7iom{G, I' <^ p\K). The result follows 
from Proposition 11.6.61 □ 



Proposition 2.2.4 Let U G Op^iXsa). Let F G Mod(/cx,J be quasi- 
injective. Then Ffj is T{V, ■)-acyclic for each V G Op(Xsa). 

Proof. Since Fjj has compact support, we may suppose that V is relatively 
compact. Let S = X \ U. Since F is quasi-injective and filtrant lim are 

exact, the morphism T(y;F) — > lim r{W;F) — > T{V;Fs) is surjective. 

WDSnv 

Consider the exact sequence Fjj ^ F — > F5 ^ 0. We get the exact 
sequence 

^ r{V; Fu) ^ r{V; F) ^ r{V; Fs) ^ 0. 

By Proposition 11.5.131 F and Fs are quasi-injective, hence T(V; •)-acyclic. 
This implies that Fu is T{V] •)-acyclic. □ 
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Corollary 2.2.5 Let f : X ^ Y be a real analytic map and let U € 

Op^(Xsa). Let F e Mod(A;xaa) quasi-injective. Then Fu is fu -acyclic. 

Proof. Since Fjj has compact support, RfuFfj ~ Rf^Fij. The result follows 
because Fjj is r(/~^(y); •)-acyclic for each V € OY>{Ysa)- n 



Lemma 2.2.6 Let F he quasi-injective object of Mod(A;Xsa) and let G G 
Mod|.j,(A;x)- T/ien F ® p^G is f\\-acyclic. 

Proof. Let G e Mod^_^{kx) ■ Then G has a resolution 

^ eiie/i%,^ ^ . . . ^ ei„g/„%,„ ^G^o. 

Where Lj is finite and Ui- € Op^(j(X) for each ij £ Ij, j & {1, . . . ,n}. Let us 
argue by induction on the length n of the resolution. 

If n = 1, then G is isomorphic to a finite sum ®ikui, with Ui € Op^^(X), 
and the result follows from Corollary I2.2.5I 

Let us show n — 1 =^ n. The sequence —> kenp — > ®i„^i„ku.^ ^ G — > 
is exact. The sheaf kei (p belongs to Mod|_f,(fcx) and it has a resolution of 
length n — 1. Applying F p^{-) we get the exact sequence 

^ F (g) p^.kev ip ^ ©i„e/„-?^c/,„ ^ F (g p^G ^ 0. 

By the induction hypothesis F iS) p* kenp is /n-acyclic. Moreover ®i„&i„Fui^ 
is /n-acyclic, then F (g) is /n-acyclic. □ 



Proposition 2.2.7 Let F he quasi-injective object ofM.od{kxsa) and let G G 
Mod{kxsa)- Then F G is f\\-acyclic. 

Proof. Let G ~ lini p^, Gj with Gi G Mod^_j.(/cx) for each i. Since the 

i 

functors (g) and Rf' f\\ commute with filtrant lim we have 

R^hiF ® limp^Gi) ~ limi?^/!!(F p^Gi) = 
i i 

if A; 7^ by LemmaEXSl □ 
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Proposition 2.2.8 Let F € D+{kx,J and G G £'+(/cy^J. Then 
RfuF (g) G ~ Rfu{F (g) f-^G). 

Proof. First assume that F £ Mod{kx^^) is injective. By Proposition 12.2.71 
F (g) f~^G is /ii-acyclic. 

Now let F G D+{kx,J and G G L>+(/cy^J. Let F' be a complex of 
injective sheaves quasi-isomorphic to F. Then 

RfnF (^G- fwF' ® G ~ f\\{F' (g /"^G) ~ (g /"^G), 

where the second isomorphism follows from Proposition II. 4. 51 □ 



Now let us consider a cartesian square 



/' 



Y' 

sa 



Proposition 2.2.9 Let F G D+{kx,J. Then g'^RfiiF ~ Rfl.g'-^F. 

Proof. We have an isomorphism /ns'"^ — g~^f\\, and R{g^^ f\\) ~ g^^Rfw 
since g~^ is exact. Then we obtain a morphism g~^Rf\\ —>■ Rf„g'^^. It is 
enough to prove that for any /c G Z and for any F G Mod(/cXsa) have 
g^^R^ f\\F —)■ R^ f'„g'~^F. Since both sides commute with filtrant lim, we 
may assume F = p*G with G G Mod^_j.(/cx)- Moreover since supp(G) is 
compact, /' is proper on supp((7'~^G). Then both sides commute with 
and the result follows from the corresponding one for classical sheaves. □ 



As in classical sheaf theory, the Kiinneth formula follows from the projec- 
tion formula and the base change formula. 

Proposition 2.2.10 Consider a cartesian square 



r 



Y' 



Y,, 
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where 5 = fg' = gf. There is a natural isomorphism 

R6u{g'-^F ® f'-^G) ~ RhF Rg»G 
for F G D+{kx^^) and G € D+ikyiJ. 

Proof. Using the projection formula and the base change formula we deduce 

Rf!,{g'~^F (g> f'-^G) ~ Rfy-^F o G ~ g-^Rh.F ® G. 
Using the projection formula once again we find 

R5\^{g'-^F O f'-^G) ~ RgnRfu{g'~^F O f'^G) ~ RfuF RguG 
and the result follows. □ 



Proposition 2.2.11 Let G G L>^_^(/cy) and let F e D+{kx,J. Then the 
natural morphism 

RfuRnom{f-^G,F) Rnom{G,RfuF) 

is an isomorphism. 

Proof. The morphism is obtained as in the non derived case. Let us show 
that it is an isomorphism. Let F' be a complex of injective sheaves quasi- 
isomorphic to F. Then 

Rfnnom{f~^G,F) ~ f\mom{f-^G,F') 
~ nom{G,fvF') 
~ Rnom{G,RfuF), 

where the second isomorphism follows from Proposition 11.4.71 □ 



2.3 Vanishing theorems on Mod{kx^a) 

In this Section we give some results on the vanishing of the cohomology of 
sheaves on a subanalytic site. 
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Definition 2.3.1 The quasi-injective dimension of the category Mod{kxsa) 
is the smallest n e N U {00} such that for any F G Mod{kxsa) there exists 
an exact sequence 

o^F^i°^ > r ^0 

with P quasi-injective for < j < n. 

Proposition 2.3.2 The category Mod{kx^a) f^o,^ finite quasi-injective di- 
mension. 

Proof. Let F G Mod(A:x,J. Then F = limp^Fi, with Fj G Mod^_^{kx). 

i 

There exists (see [8], Corollary 9.6.7) an inductive system of injective resolu- 
tions /* of Fi. By Proposition 3.3.11 of [5], the category Mod{kx) has finite 
homological dimension. Then we may assume that /* has length A'^o < 00 
for each i. Since Fi is /3*-injective for each i, p^I' is an injective resolution 
of of length Nq. Taking the inductive limit we find that lunp^I' is a 

i 

resolution of F of length A^o, and lim/)*// G J^Xsa for ^ach j. □ 



Corollary 2.3.3 Let f : X ^ Y be a real analytic map, and let F G 
ModK_c(A:x)- The functors f^, f\\ and Tlom{F, ■) have finite cohomological 
dimension. 

Proposition 2.3.4 Let F G Mod{kx) and let G G Mod(A;x,„)- There exists 
a finite jo G N such that 

R^HomipiF, G) = for j > jo- 

Proof. Let U G Op{Xsa)- We have the chain of isomorphisms 

Rr{U;Rnom{prF,G)) ~ RRouik^^JpiF, RFuG) 

~ RRomk^{F,p-^RruG). 

The functor RTu has finite cohomological dimension, and the homological 
dimension of the category Mod(A;x) is finite. Hence we can find a finite 
jo G N such that R^T{U; R7iom{p\F,G)) vanishes for j > jo and for each 
U G Op(Xsa). This shows the result. □ 
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Remark 2.3.5 We have seen that the functor Hom{F,-) has finite coho- 
mological dimension when F is M-constructible and when F = p\G with 
G € Mod(/cjs:)- We do not know if the cohomological dimension is finite for 
any F G M.od{kxsa) ■ Indeed we do not know if the homological dimension of 
M.od{kxaa) is finite or not. 



2.4 Duality 

In the following we find a right adjoint to the functor Rf\\, denoted by 
and we calculate it by decomposing / as the composite of a closed embedding 
and a submersion. 



The subcategory Jxsa of quasi-injective objects and the functor f\\ have 
the following properties: 



(2.2) 



(i) Jxsa is cogenerating, 

(ii) Mod(/cXsa) has finite quasi-injective dimension, 

(iii) Jxsa is /ii-injective, 

(iv) Jxsa is closed by small ®, 
, (v) f\\ commutes with small ©. 



As a consequence of the Brown representability theorem (see [8], Corollary 
14.3.7 for details) we find a right adjoint to the functor Rf\\. 

Theorem 2.4.1 (i) The functor Rf\\ : D{kxsa) ~^ ^i^Ysa) o,dmits a right 
adjoint. We denote by f' : D{kYsa) ~^ ^i^Xsa) adjoint functor, 
(ii) Let G G D+{kYj. Then f G £ D+{kxJ. 

Remark 2.4.2 As in classical sheaf theory, one can prove by adjunction the 
dual projection formula and the dual base change formula. 

Proposition 2.4.3 The functor f' commutes with Rp^:, and the functor 
H^f- : Mod(A;Y-^^) Mod(/cXsa) commutes with filtrant lim. 

Proof. Since Rf\\ commutes with , then f' commutes with Rp^ by 
adjunction. 

Let us show that H'^f' commutes with lim. Let {Fi}i be a filtrant in- 
ductive system in Mod(A;y^^). Remark that limiJ'^/'Fj (resp. H^f limFi) 
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is the sheaf associated to the presheaf U — > luaR^T {U ; f Fi) (resp. U 
R^T{U- /-limF,)), for U G Op^(X,,). 

i 

We will show the isomorphism R^T{U ; f Wm Fj) ^ \\ni R^T{U ; f'Fj) for 

j i 

each U G Ops^l-'^)- By adjunction it is enough to prove the isomorphism 
i^'^Homfcy^^ {Rf\ku, \\m Fi) ~ limi?'^Homfcy^^ {Rf\ku, Fi). 

i i 

Let Jy^a be the family of quasi-injective objects of Mod(/cy^^). Each object 
of (Mod^_p(/cy)°P, J7y^„) is Homfcy^^ (•, •)-acyclic. Moreover Jy^a is stable by 
filtrant inductive limits. There exists (see [8], Corollary 9.6.7) an inductive 
system of injective resolutions I* of Fj. Then lim/* is a quasi-injective 

i 

resolution of limFj . We have 

i 

B.omK+{kY^j{Rf\ku ^ limHom;^+(fcy^j I') 

i i 

and the result follows. □ 



Corollary 2.4.4 Let F G D^ky^J. Then f'F G D^kx.J. 

Proof. We may reduce to the case F G Mod(A;y^^). Then F ~ limp^^Fj with 

i 

Fi G ModiR_c(A;y) for each i. By Proposition 12.4.31 we have 

fff^f-F ^ H'^flimp.Fi ~ lunp^H'^f-Fi, 
i i 

and H^f'Fi = if /c > jo for a fixed jo G N and for each i. □ 



Proposition 2.4.5 Let F G -D+(A;y^„) and let G G -D+(A;y). Then one has 
the isomorphism f'{F p\G) ~ f'F (g) p\f~^G. 

Proof. We have the chain of morphisms 

Rfwif-F (g) pif'^G) ~ Rfiif-F ^ piG ^ F ® piG, 
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by adjunction we obtain the desired morphism. To prove that it is an isomor- 
phism it is enough to show R^r{U; f{F p^G)) ~ i?^r(f/; fP (x) pJ-^G) 
for each U € Op'^{Xsa) and each fc G Z. We have the chain of isomorphisms 

R''T{U;f-{F^piG)) ~ R''}iomkY^jRfuku,F®piG) 

~ R'^UomkY^^ {ky, RHomiRfuku, F p,G)) 

~ R'^UomkY^^ {ky, RHomiRfuku, F) piG) 

~ R'^UouikY^^ {ky, RfuRnom{ku, fF) (g) p,G) 

~ R'''RomkY^Jky,Rfu{Rnom{ku,f-F) ® /"Vl^)) 

~ R'^-RouikY^^ {ky, Rfu{Rnom{ku, f'F pif'^G)) 

~ R''^ouikxJku,fF®p^r^G)). 

Here the fourth and the last isomorphism follow from the fact that since 

ku has compact support, then RT[om,{ku , K) has compact support for any 
K G D+{kx,J and RfuRHom{ku, K) ~ Rf^Rnom{ku, K). □ 



Proposition 2.4.6 Let F € D+iky^J, and let f : X ^ Y be a closed 

embedding. Then f'F ~ f^^RHom{kx, F) and id f'Rfw- 

Proof. Since / is proper, then Rf^ ~ Rfw- We have the isomorphisms 
Rf.fF ~ Rf,Rnom{kx,fF) ~ RHom{kx,F). Since f-^RUfF ~ fF, 
then f-F ~ f-^Rnom{kx,F). 

Let F' G -D"'" (/cxso ) ■ We have the isomorphisms 

f-Rf,F' ~ f-^Rnom{kx,Rf,F') ~ f-^ Rf,Rnom{kx, F') ~ f-^Rf.F', 

and f~^Rf^F' ~ since / is a closed embedding. □ 

Recall that / is a topological submersion (of fiber dimension n) if locally 
on X, / is isomorphic to the projection Y x M" Y. 

Proposition 2.4.7 Assume that f is a topological submersion. Then for 
F G F)~^{kYsa) ^'^^ isomorphism f~^F ® /'/cy ^ /'F. 

Proof. We have the chain of morphisms 

Rfu{f-^F O f-ky) ~ F Rfwf ky ^F(i)kyC^F, 
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by adjunction we obtain the desired morphism. 

Let us show that it is an isomorphism. We may reduce to the case F ~ 
limp^Fi G Mod(A;y^^). We have the chain of isomorphisms 

i 

H\r^\\mp,Fi®fp,kY) ~ Vmvp^H^r^F,® f-ky) 

i i 

~ Ymip.H^f-Fi 

i 

~ H^flimp^Fi. 

i 

□ 

Using these resuhs we can calculate explicitly the functor /'. Let / : 
X ^ y be an analytic map. We decompose it as the composite of a closed 
embedding and a submersion. In fact 

f : X ^ X 

where p is the projection and j is the graph embedding j{x) = (x, f{x)). Let 
F G D+{kY^J. Applying Propositions 12.4.61 and 12.4.71 we get 

r^Rnom{kj(^x),P'^F(^P'kY)- 
Corollary 2.4.8 Assume that f is a topological submersion. Then: 

(i) the functor /' commutes with p~^ , 

(ii) the functor Rfw commutes with p\. 

Proof, (i) One has the chain of isomorphisms 

p-\f-^F® f-p^kv) ^ p-^f-'F®p-^f-p,kY 
~ f-^p-^F®p-^f-p,kY 
~ f-'p-'F®p-'pJkY 
f-'p-'F®fkY. 

The result follows from Proposition 12.4.71 

(ii) The result follows by adjunction. □ 
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Proposition 2.4.9 Assume that f is a topological submersion and moreover 
that Rfif ky ^ ky. Then for F G D+{kYsJ the morphism RfJ~^F F 
is an isomorphism. 

Proof. First let us show that Rfuf ky — ky. We have the chain of isomor- 
phisms 

Rf\\f'P*ky =^ Rhp*f'ky 
~ Rf\\p\f-ky 
~ piRflfky 

~ p\ky 
~ P*ky, 

where the second isomorphism follows because f'ky is locally constant and 
the third from Corollary 12.4.81 (ii). It follows from Proposition 12.4.71 that 
f-^F RHom{fkyJ-F). Then we have the chain of isomorphisms 

Rhr^F ~ Rf^RHomif-kyJ-F) 
~ Rnom{Rfuf-ky,F) 
~ F. 

□ 



3 Examples of applications 

In this Section we give some example of subanalytic sheaves. Let X be a real 
analytic manifold, and let Xga be the associated subanalytic site. We first 
introduce sheaves of 7^-modules, where 7^ is a sheaf of /c-algebras on Xga- 
Let Vx be the sheaf of finite order differential operators on X. We define the 
piPx-niodules and of tempered and Whitney holomorphic functions 
respectively. References are made to [8] for an exposition on sheaves of rings 
on a Grothendieck topology. 

3.1 Modules over a /c^^^ -algebra 

A sheaf of /c^^^ -algebras (or a fcxsa -algebra, for short) is an object TZ € 
Mod{kxsa) such that T{U; TZ) is a fc-algebra for each U € Op{Xsa)- The op- 
posite fcxsa"^lg6bra TZ^P is defined by setting T{U; TZ°p) = T(U ; TZ)"p for each 
U £ Op{Xsa)- A sheaf of (left) 7^-modules is a sheaf F such that T{U;F) 
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has a structure of (left) T{U -,71) -module for each U G Op{Xsa)- 

Let 7^ be a fexsa'^-lgsbra and denote by Mod(7?.) the category of sheaves 
of (left) 7?.-modules. The category Mod(7^) is a Grothendieck category and 
the family {T^u}ueOp''(Xsa) ^ small system of generators. Moreover the 
forgetful functor for : Mod(7^) — > Mod{kxsa) exact. 

In this Section we shall extend some results on fexs^-modules, by replacing 
kxsa with TZ. Since the formalism is similar to that we developed previously 
we shall not give proofs. The functors 

Homn : Mod(7^)°^' X Mod(7^) ^ Mod(A;x,J, 
■■ Mod(7^°P) X Mod(7^) ^ Mod(A;x,J 

are well defined. Let us summarize their properties: 

• the functor Tiom-ji is left exact, 

• the functor (8)7^ is right exact and commutes with lim. 

Let X, Y be two real analytic manifolds, and let / : X — > F be a morphism 
of real analytic manifolds. Let 7^ be a fcy^^ -algebra. The functors f~^, /* 
and f\\ induce functors 

f-^ : Mod(7^) ^ Mod(/-^7^), 
/* : Mod(/-^7^) ^ Mod(7^), 
/!! : Mod(/~^7^) ^ Mod(7^). 

Let us summarize their properties: 

• the functor is exact and commutes with lim and (8)7^, 

• the functor /* is left exact and commutes with lim, 

• (/~^)/*) is a pair of adjoint functors, 

• the functor /n is left exact and commutes with filtrant lira . 
Now we consider the derived category of sheaves of 7?.-modules. 

Definition 3.1.1 An object F G Mod(7^) is flat if the functor Mod(7^''P) 3 
G ^ G ®Tz F is exact. 
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Small direct sums and filtrant inductive limits of flat 7^-modules are flat. 
Since the generators of Mod(7^) are flat, then the subcategory of Mod(7?.) 
consisting of flat modules is generating. Thanks to flat objects we can find 
a left derived functor 0^ of the tensor product (8)7^. 

Definition 3.1.2 An object F G Mod(7^) is quasi-injective if the functor 
Homfc_5j,^^ (•, F) is exact in Mod^_^{kx) or, equivalently (see Theorem 8.7.2 
of JBj) if for each U,V €z Op'^{Xsa) with V C U the restriction morphism 
T{U;F) — > T(y;F) is surjective. 

Let X, Y be two real analytic manifolds, and let / : X ^ y be a real 
analytic map. Let 7^ be a A;y^„ -algebra. As in ^ 11.51 one can prove that 
quasi-injective objects are injective with respect to the functors /* and /n. 
The functors i?/* and Rf\\ are well defined and projection formula, base 
change formula and Kiinneth formula remain valid for 7^-modules. Moreover 
hypothesis (|2.2I) are satisfied and we have 

Theorem 3.1.3 The functor Rf\\ : D+{f-^n) D+{TZ) admits a right 
adjoint. We denote by /' : D^{1Z) (f^^TZ) the adjoint functor. 

3.2 Sheaves of p!7?.-modules 

We will consider the case where the ring is p\TZ, where 7?. is a sheaf of kx- 
algebras. We will also assume the following hypothesis: 

TZ has finite flat dimension. 

The functor p\ induces an exact functor Mod(7^) — > Mod{p\7l) which 
is left adjoint to : Mod{piTZ) Mod(7^). We will still denote by 
p\ that functor. The functor : Mod(7^) Mod{p\TZ) is well defined 
too, in fact the morphism ^i? G ILomf:^{TZ,£nd{F)) defines a morphism in 
Homfc^^^ (/O!?^, £'n(i(/>,,F)). That follows from the chain of isomorphism 

Ilomkx^^{p\TZ,£nd{p^F)) ~ Homfc^^^ (piT^, p*<5n(i(F)) 

~ Romk^{p~^pin,£nd{F)) 
~ Romk^{n,£nd{F)). 

We briefly summarize the properties of these functors: 

• p^^ commutes with f~^ and Rf\\, 

• commutes with RHom-ji and i?/*. 
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• p\ commutes with and f~^. 

Finally we recall the following result (which has been proved in [7|) 

Proposition 3.2.1 Denote by TZ the presheaf U T{U;TZ), where U G 
Op'^(Xsa). Suppose that F is a presheaf of IZ-modules and denote by F'^^ 
the sheaf associated to F . Then F~^^ G Mod(p!7^). 

Proof. Let U G Op(Xsa), and let r G T{U;TZ). Then r defines a morphism 
r(F; 7^) ® T{V; F) T{V; F) for each subanalytic V dU, hence un endo- 
morphism of {P^^)\uxsa ~ ^^\uxsa^~^^ ■ This morphism defines a morphism 
of sheaves TZ —i- £nd{F^^) and 7^"*"+ ~ p\lZ by Proposition 11.1.131 Then 
F++ G Mod(/3!7^). □ 



3.3 Some examples of subanalytic sheaves 

From now on, the base field is C. Let M be a real analytic manifold. One 
denotes by and VhM the sheaves of functions and Schwartz's dis- 
tributions respectively, and by Vm the sheaf of finite order differential op- 
erators with analytic coefficients. As usual, given a sheaf F on M, we set 
D'F = Rnom{F,CM)- 

In [4] the author defined the functor 

{■,VbM) ■■ ModM.e(CM)°^ ^ Mod(PM) 

in the following way: let U hea subanalytic open subset of M and Z = M\U. 
Then the sheaf {Ci/,T>bM) is defined by the exact sequence 

^ TzVbM ^ VhM ^ {Cu,VbM) ^ 0. 

This functor is exact and extends as a functor in the derived category, 
from D^_^{Cm) to D^{Vm)- Moreover the sheaf {F^Vbu) is soft for any 
M-constructible sheaf F. 

Definition 3.3.1 One denotes by Vb^j the presheaf of tempered distribu- 
tions on Msa defined as follows: 

U ^ T{M-VbM)/TM\u{M;VhM). 
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As a consequence of the Lojasievicz's inequalities [TT], for U,V & Op{Msa) 
the sequence 

^ vbij{u uv)^ vbiiiu) e vbUv) ^ mUu nv)^o 

is exact. Then "Db^j is a sheaf on M^a- Moreover it follows by definition that 
'Dbj^j is quasi-injective. 

Definition 3.3.2 Let Z be a dosed subset of M. We denote by the 
sheaf of C°° functions on M vanishing up to infinite order on Z . 

Definition 3.3.3 A Whitney function on a closed subset Z of M is an in- 
dexed family F = {F^)k&i^ consisting of continuous functions on Z such 
that Vm G N, VA; G N", |A;| < m, Vx e Ve > there exists a neighborhood 
U of X such that Vy, z r\ Z 

<ed(y,zr-l'^l. 

We denote by ^ the space of Whitney C°° functions on Z. We denote by 
Wfj^z the sheaf U^W^^^z- 

In [6] the authors defined the functor 

w 

• : ModK.c(CM) ^ Mod(pM) 
in the following way: let U hea subanalytic open subset of M and Z = M\U. 

w w 

Then Cu ® = Im,z^ and O = W^,z- This functor is exact and 
extends as a functor in the derived category, from D^_^{Cm) to D^{'D]\j). 

w 

Moreover the sheaf F (g) is soft for any M-constructible sheaf F. 

Definition 3.3.4 One denotes by C^'™ the presheaf of Whitney C°° func- 
tions on Msa defined as follows: 

U ^T{M;H^D'Cu(^CTi). 
As a consequence of a result of p2], for U,V G Op{Msa) the sequence 

uv)^ c^nu) e c^riv) - c^nu n v) 

is exact. Then C??'™ is a sheaf on Msa- 



\j+k\<m 
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Let us consider a locally cohomologically trivial (Let.) subanalytic open 
subset, i.e. U G Op(M^a) satisfying D'Cu ^ Cjj and D'Cjj ~ Cu- Thanks to 
the triangulation theorem one can prove that Let. open subanalytic subsets 
form a basis for the topology of Mg^, and given a Let. U € Op{Msa) we 
have 

r(;7;C^'") = T{M;H°D'Cu^C^) 

W 

~ r(M;C^0C°°) 
= W°°- 

M,U 

w 

Moreover RT{U;C^j''^) is concentrated in degree zero since Cjj®C^ is soft. 

Remark that T{U]Vb'j^f) and r(f7, C^'™) are r(C/; Pa/ )-modules for each 
U G Op(Msa), hence applying Proposition 13.2.11 the sheaves 2^^^^ and C^'™ 
belong to Mod(/9!l>Af )• 



We have the following result 

Proposition 3.3.5 For each F £ D^_^{Cm) one has the isomorphism 

p-^rLom{F,Vhl,) ~ {F,VhM), 
p-^RnomiF,CM'") - D'F®Cfi. 

Proof. We may reduce to the case F = kjj with U £ Op'^ (M^a). Let 
V G Op^(M,,). 

By definition of we have r{V; {Cu,VbM)) ^ T{U n V;Vblr). Let us 
consider a subanalytic W CC V. The natural morphism r{U H V;T>by) — > 
T{U n W;T>b\^) defines the morphism 

ip-.TiUn V; Vb'v) ^ lim L([/ n W; Vbii) ~ T{V; p-^TuVbij). 

wccv 

Since the family {W £ Op'^(Msa); W CC V} is a covering of V and 
(C(7,P6Af) is a sheaf (/9 is an isomorphism. 

To prove the second isomorphism we shall first prove the isomorphism 

(3.1) nom{F,C^''") ~ H'^D'F^C^j 

for F G ModK_c(CM)- We may reduce to the case F = kjj with U Let. and 
subanalytic. Let V G Op'^(Msa) such that V and fl are Let. and let 
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us consider the family T = {W e Op^'iMsa) Let.; W CC V, WnU Let.}. 

W 

The natural morphism ^ : r(F;%0C^) ~ W^^^^ ^ ^mJItW " 

W 

r(X;CpYW ®^m) defines the morphism 

W W -, 

^|; : TiV; % ^ C^) ^ lim r(X; ® C^) r(y; p-^r^C^'"), 

where the second isomorphism follows since the family T is cofinal in {W G 

w 

Op''{Xsa); W CC V}. Since the family T is a covering of V and 
is a sheaf i/j is an isomorphism. Hence we get the desired isomorphism. 
Now let F G D^_^{C]\j). We have the chain of morphisms 

w , w 

D'F^C^ ~ "lim"7T:om(F',CM) 

F'^F 

~ "lim"p-iHom(F',C^'") 
"lim"/)~ii??t:om(F',C^'^) 



where F' ^ F ranges to the family of qis. By Theorem 12.1.21 we may sup- 
pose F' G Er^(ModK_c(A;x)) and then the first isomorphism follows from 
(1311 . We have "lim"?^ om (F', C^'") ~ Rnom{F,C'^/'") and the result foL 

F'-^F 

lows since p^^ is exact. □ 



Now let X be a complex manifold, the underlying real analytic mani- 
fold and X the complex conjugate manifold. One denotes by and the 
sheaves of tempered and Whitney holomorphic functions respectively which 
are defined as follows: 

O*, := Rnomp,vAPiOx,^bj,J 

By definition, belong to D^{p\Vx)- The relation with the 

functors of temperate and formal cohomology are given by the following 
result 

Proposition 3.3.6 For each F G D^_^{Cx) one has the isomorphisms 
p-^Rnom{F,0^x) - {F,Ox), 
p-^Rnom{F,0\) ~ D'F^Ox- 
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Proof. We have the chain of isomorphisms 

p-^RnomiF,0'x) ^ p-^RnomiF,Rnomp,Vxip\Oj^,^bjcJ) 
~ p-'Rnomp,v^{p,Oj^,RnomiF,Vb'xJ) 
~ RnomvxiOx,P'^R'Hom{F,Vbj^J) 
^ Rnom{0^,{F,Vbj,J) 
^ {F,Ox). 

The proof of p-^RHom{F, 0\) ~ D'F (g> Ox is similar. □ 



A Appendix 

A.l Review on subanalytic sets 

We recall briefly some properties of subanalytic subsets. Reference are made 
to [1] and [lO]. Let X be a real analytic manifold. 

Definition A. 1.1 Let A be a subset of X. 

(i) A is said to be semi-analytic if it is locally analytic, i.e. each x G A has 
a neighborhood U such that XDU = Ui^jrij^j Xij , where I, J are finite 
sets and either Xij = {y € Ux] fij > 0} or X-ij = {y £ Ux] fij = 0} 
for some analytic function fij . 

(a) A is said to be subanalytic if it is locally a projection of a relatively 
compact semi-analytic subset, i.e. each x £ A has a neighborhood 
U such that there exists a real analytic manifold Y and a relatively 
compact semi-analytic subset A' C X x Y satisfying X nU = Tr{A'), 
where ir : X x Y X denotes the projection. 

(Hi) Let Y be a real analytic manifold. A continuous map f : X ^ Y is 
subanalytic if its graph is subanalytic in X x Y. 

Let us recall some result on subanalytic subsets. 

Proposition A. 1.2 Let A,B be subanalytic subsets of X. Then AU B, 
An B, A, dA and A \ B are subanalytic. 

Proposition A. 1.3 Let A be a subanalytic subsets of X. Then the con- 
nected components of A are locally finite. 
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Proposition A. 1.4 Let f : X ^ Y be a subanalytic map. Let A be a 
relatively compact subanalytic subset of X . Then f{A) is subanalytic. 

Definition A. 1.5 A simplicial complex {K,A) is the data consisting of a 
set K and a set A of subsets of K satisfying the following axioms: 

51 any a E A is a finite and non-empty subset of K , 

52 if T is a non-empty subset of an element a of A, then r belongs to A, 

53 for any p E K, {p} belongs to A, 

54 for any p E K, the set {a G A;p E a} is finite. 

If (K, A) is a simplicial complex, an element of K is called a vertex. Let 
be the set of maps from to R equipped with the product topology. To 
(T G A one associate \a\ C as follows: 

|(t| = ■|a; G M^; x{p) = for p ^ a, x{p) > for p E a and ^^x{p) = 1^ . 
As usual we set: 

\K\ = U H, 

(tGA 

and for x G \K\: 

U{x) = U{a{x)), 
where a{x) is the unique simplex such that x E \a\. 

Theorem A. 1.6 Let X = Xi be a locally finite partition of X con- 
sisting of subanalytic subsets. Then there exists a simplicial complex {K, A) 
and a subanalytic homeomorphism ip : \K\ — X such that 

(i) for any a E A, ■0(|cr|) is a subanalytic submanifold of X, 

(a) for any a E A there exists i E I such that tp{\cT\) C Xi. 
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A. 2 Sheaves on Grothendieck topologies 

We recall the definitions of a Grothendieck topology. We will not treat the 
most general case, for which we refer to [8]. We will follow the presentation 
of [H] and [7]. 

Let C be a category admitting finite products and fiber products, and given 
U £ C, denote by Cu the category of arrows V ^ U. Given a morphism 
V ^ U and S C Oh{Cu), one denotes hy V xu S C Ob(Cv) the subset 
defined hy {V XuW ^V; W e S}. 

Definition A. 2.1 //, Si, 5*2 C Oh{Cu), one says that Si is a refinement of 
S2 (Si ^ S2 for short) if any Vi ^ U in Si factorizes as Vi — > V2 — > ?7 with 

V2^Ue S2. 

Definition A. 2. 2 A Grothendieck topology on C associates to each U G C 
a family Cov{U) C Ob(Cc/) satisfying the following axioms: 

GTl {[/ ^ [/} € Cow{U), 

GT2 i/Cov(C/) 3 Si<S2(l Oh{Cu), then S2 G Cov(C/), 

GTS ifSe Cov{U), then for each V ^U,V xu S e Coy{V), 

GT4 ifSi,S2 C Oh{Cu), Si G Cov([/) and V xu S2 e Cov{V), then S2 € 
Cov(C/). 

An object S G Cov{U) is called a covering of U. 

Definition A. 2. 3 A site X is a category Cx endowed with a Grothendieck 
topology. 

Let Cx and Cy be two categories admitting finite products and fiber prod- 
ucts. A functor of sites f : X ^ Y is a functor f* : Cy ^ Cx which 
commutes with fiber products and such that ifU^Cy and S G Cov{U), then 

f{S)eCov{f\U)). 

Now let k he a field. 

Definition A. 2. 4 Let X be a site. A presheaf of k-modules on X is a 
functor Mod{k). 

One denotes by Psh(fcx) the abelian category of presheaves of /c-modules 
on X. Let F G Psh(fcx), let U e Cx and consider V ^ U e Cu- The 
restriction morphism F{U) F{V) is denoted by s 1— > s\u. 
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Let F be a presheaf of /c-modules on X and let S C Ob(C;7). One defines 
F{S)=kev(^llF{V)^ n FiV'xuV")) 

V£S V',V"gS 

Definition A. 2. 5 A presheaf F of k-modules on X is a separated presheaf 
(resp. a sheaf) if for each U G Cx and each S G Cov(U) the morphism 
F{U) — > F{S) is a monomorphism (resp. an isomorphism). 

One denotes by M.od{kx) the category of sheaves of fc-modules on X. We 
set for short Hom^-^ instead of HomMod(fex)- 

We recall the construction of a sheaf associated to a presheaf. The relation 
defines a preorder on Cov(J7), U E Cx- Let F € Psh(/cx), one defines 
the functor (•)"'" : Psh(kx) — > Psh^kx) in the following way. For each U G Cx 

F+{U) = lim F{S) 
SeCov(!7) 

Theorem A. 2. 6 (i) The functor {■)'^ : Psh{kx) —>■ Psh{kx) is left exact, 

(ii) if F £ Psh(/cx), then F+ ts separated, 
(Hi) if F £ Psh(fcx) is separated, then F~^ G Mod(fex); 
(v) the functor (■)"'"'*' '■ Psh.{kx) Mod(A;x) is exact, 
(iv) let F G Psh(A;x) and G G Mod(fcx); one has the adjunction formula: 
Homp,h(fc^)(F, lG) ~ Homfc^ G), 
where l denotes the embedding functor. 
Let F G Psh(/cx), the sheaf is called the sheaf associated to F. 

Proposition A. 2. 7 Let F,G £ Mod(A;x)- A morphism tp G Homfcj^(F, G) 
is an epimorphism if and only if for each U G Cx there exists {Ui}i^i G 
Cov(i7) such that for each s G G{U) there exists ti G F{Ui) such that f{ti) = 
s\ui for each i. 

Let / : X ^ y be a morphism of sites. Let F G Psh(A;x) and G G 
Psh(A;y). One defines the functors 



49 



(A.l) f,:PsHkx) ^ Psh(A;y) 

(A.2) : Psh(/cy) ^ Psh(fcx) 

in the following way: let U G Cx and V G Cy, then 

f,F{V) = F{f{V)) 
f^F{U) = lim G{W), 

where € Cy. 

Definition A. 2. 8 Let f : X ^ Y be a functor of sites 

(i) the functor of direct image f^ : Mod(A;x) — > Mod(A;y) is the functor 
induced by IIA.I}} . 

(a) the functor of inverse image /-I : Mod{kY) Mod(/cx) is defined by 

r' = (/^(-))++- 

Proposition A. 2. 9 (i) The functor is left exact and commutes with 
lim , 

(a) the functor f~^ is exact and commutes with lim, 
(Hi) (/^^, /*) is a pair of adjoint functors. 
Definition A. 2. 10 Let X be a site and let F,G e Mod(A:x). 

(i) One denotes by Ti.om{F,G) the sheaf U i-^ }iomk,j{F\u,G\i/), 

(a) one denotes by F^G the sheaf associated to the presheaf U i-^ F{U) 
G{U). 

Proposition A. 2. 11 Let F € Mod{kx), G,G' e Mod(A:y). 

(t) nomky{GJ,F) ^ f,nomk^{f-'G,F), 

(ii) f-\G G') ~ f-^G ® f-^G'. 
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